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Abstract—Ordered Binary decision tree (OBDT) is a graphical 

representation which looks like a tree with root and branches; it 

played a key role in digital circuits verification and manipulation 

which leads to a compact circuit after elimination many redundant 

branches. In this paper a Boolean equation was created for the 

proposed digital circuit, and with the aid of Boolean Algebra 

fundamentals, the proposed Boolean equation was simplified and 

reduced in size, afterword a truth table was constructed from 

which a Binary Decision Tree was sketched, then followed with a 

procedure of reducing and eliminating redundancy in the 

branches, a final schematic BBD will be constructed, two case 

studies were presented for verification of this technique.  

Index Terms—binary decision tree (BDT), digital logic 

circuit and systems, binary decision diagram (BDD, Binary 

Algebra 

I. INTRODUCTION 

 

Binary decision tree (BDT) as shown in Fig.1 is a 

schematic structure of logic system. BDT is comprises 

a relationship between outputs (0 and 1) and inputs 
(x1, x2) which could be characterized with Boolean 

function and by utilizing different Boolean algebra 

techniques. It is possible to reduce and simplify the 
Boolean formula of the system to a reduced form that 

meets the same relationship between inputs and 

outputs. 

 
 

Fig.1Binary Decision Tree (BDT) 

 

 

After reduction and simplification of BDT, Fig 2 

represents the achieved short structure which is called 
Binary Decision Diagram (BDD). BDD is used to 

symbolize a digital circuit with Boolean equivalence 

formula. The procedure for BDD will be detailed in 
steps later in this paper. 

 

 

 
 

Fig.2. Binary Decision Diagram (BDD) 
 

BDDs are logic representation structures diagram 

first introduced by Lee [9] and Akers [10]. Also, 

BDDs is one kind of Graphic-Based Algorithm used 

for the purpose of designing, verifying and 
manipulating of digital systems which supported by 

Boolean function. The top of the diagram is the root 

and the bottoms are the leaves which are labeled in 
term of 0 or 1.If the given variables follow linear 

order x1<x2<…. <xn in all paths through the graph. It 

will be called Ordered Binary Decision Diagram 
(OBDD) [1].  Reduced Order Binary Decision 

Diagram (RODBB) is a smaller version of OBDD 

after exposed to a procedure of removing and 

eliminating redundancy for the purpose of achieving a 
unique graph that characterized with the same input 

output relationship of the original OBDD. 

There are two main differences between BDT and 

BDD, BDT allow redundant in testing Boolean 

variable, while BDD is a simplified version where 

Boolean variable from the high level that has the same 

removed value [2].  

 

II. RELATED WORK 

There are many problems and cases have been 

explained and solved  using BDD due to its simplicity 
and its direct relationship between root and branches 

of the diagram but that does not mean BDD is the 
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perfect choice for such a problem like 8 Queens 
puzzle, the computational digital circuits and its 

equivalence circuits are such problems that have been 

solved using ROBDD [2]. BDDs also used in 

verification, manipulation and circuit testing for the 
purpose of  avoiding  the problem of exponential 

explosion of nodes which produced when we want to 

find good variable orderings. 
Jacobi and Calazans proposed an incremental 

method to reduce the number of nodes which speeds 

up the algorithms of BDDs for circuits testing and 

evaluation [3]. 
BDD's are also used in reliability analysis. For the 

purpose of providing an efficient means of analyzing a 

system especially in fault tree analysis. But there are 
many problem in analyzing strategies that increase the 

likelihood of getting a DBB from fault tree; especially 

in ordering the a basic events (variable) which will 
effect to the size of the minimal BDD with few nodes 

in the result. There's no global scheme that produced a 

BDD for all fault tree. REAY and ANDREWS in their 

paper [4] proposed an efficient and accuracy ordering 
scheme based on neural network to select an 

appropriate schema for individuals fault tree module. 

BRYANT surveyed the most important application 
that has been solved using OBDD standards [5]. 

Bryant proposed a reduced, ordered binary decision 

diagram and defines it as a canonical representation 

that could be characterized by a Boolean function, 

switch level of MOS circuits was the application 

that implemented which guided toward the initial 

development of BDD [10-11]. 

Luca researched the Biconditional Binary decision 

diagram (BBDD) and put into practice on electric 
design automation (EDA), in which BDD improves 

the efficiency of EDA task [13].  

In this paper we used a BDD to represent digital 
logic circuits and then reducing and eliminating 

redundancy in the branches to reduce amount of 

count. The method will verify the correctness and 
increase the efficiency in using the digital circuits. 

The research proposed in this paper started by writing 

Boolean equation for a proposed digital circuit in 

section three, in section four, two case studies were 
presented for verification finally we concluded the 

paper. 

 

III. BOOLEAN ALGEBRA FUNDAMENTALS 

Boolean algebra was found to be useful technique to 

design and analyze digital systems and circuits, logic 

circuits in logic controls and computer logic systems 
[15, 16, 18]. Engineers and technicians can utilize 

these methods to model any complicated logic control 

systems that could be represented by single Boolean 
equation[14, 17]. In this paper we used Boolean 

equation in addition to binary decision tree to simplify 

the digital circuit for the proposed case studies. Table 

.1 shows Boolean Algebra Functions that we used in 
circuit simplification [8]. 

 
Table .1 Boolean Algebra Functions 

No. Boolean Algebra Function 

1.  
 

𝐴 + 0 = 𝐴 

2.  𝐴 + 1 = 1 

3.  𝐴. 0 = 0 

4.  𝐴. 1 = 𝐴 

5.  𝐴 + 𝐴 = 𝐴 

6.  
 

𝐴 + Ᾱ = 1 

7.  

 

𝐴 .  𝐴 = 𝐴 

 

8.  

 

𝐴 . 𝐴  = 0 
 

9.  

 

𝐴 = 𝐴  
 
 

10.  𝐴 + 𝐴𝐵 = 𝐴 
 

11.  

 

𝐴 + Ᾱ𝐵 = 𝐴 + 𝐵 
 

12.  

 
 

 𝐴 + 𝐵  𝐴 + 𝐶 = 𝐴 + 𝐵𝐶 

 

The paper strategy used to simplify the digital 

circuit is divided into four main steps:   

 
1- Steps to construct BDD from Digital Circuits: In 

this step, we used Boolean algebra fundamentals to 
produce, the proposed Boolean equation the detail 

is shown in section IV. 
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2- Digital circuits, Boolean Function Simplification: 
in this step the equations are simplified and reduce 

in size of digital circuit. 

3- Digital circuits, Boolean Function Simplification:in 

this step we constructed from which a Binary 
Decision Tree will be sketched. 

4- Reduced Circuit and Truth Table: the final step a 

procedure of reducing and eliminating redundancy 
in the branches, a final schematic BBD will be 

established. 

 
In the following two secton we will explain the four 

steps in details with two case studies. 

IV. FIRST CASE STUDY: 

The digital circuit shown in Fig 3 is composed of two 

OR gates, two NOT gates and one AND has been 

tested where A, B, C are inputs and Y is the output, 

T1 is the output of the upper OR gate and T2 is the 

output of the lower OR gate. This study will present 

the theory followed by the four steps provided in the 

previous section. The simplification strategy detailed 

as follows: 

A. Steps to construct BDD from Digital Circuits 

The following procedure will be put in to action to 
accomplish the design of BDD diagram: 

1. Building the proposed digital circuit under 

consideration for the case study 

2. Writing the Boolean equation for the circuit which 
represent the relation between input and outputs 

3. Reducing the resulted Boolean formula using 

Boolean Algebra represented in table 1 

4. Writing the Truth table for the reduced formula 

where A,B,C are input and Y is the output 

5. Drawing the resulted Binary decision tree 

structure 

6. Reducing the tree structure size by  eliminating 

any redundancy 

7. Drawing the final structure, which will represent 

the Binary Decision Diagram 

B. Digital circuits, Boolean Function Simplification  

The circuit shown in Fig.3 is composed of 5 gates 
(two NOT gates, two Or gates and one AND, where 

A, B ,C are the inputs and Y is the output. 

 
Fig.3 Digital Circuit before Simplification 

Boolean function of the digital circuit shown in 

Fig.3.the digital circuit is represented by the 

following simplification steps starting from 
equation 1 to equation 8. 

𝑇1 = 𝐴 + 𝐵                                Equation (1) 

    𝑇2 = 𝐵 +  𝐶                                 Equation (2)     

   𝑌 = 𝑇1. 𝑇2 =  𝐴 + 𝐵 . (𝐵 + 𝐶 )  Equation (3) 

   𝑌 = 𝐴 . 𝐵 + 𝐴. 𝐶 + 𝐵. 𝐵 + 𝐵. 𝐶    Equation (4) 
 

  Since  𝐵. 𝐵 = 𝐵, (Function.7of Section 3 Table.1), 
Then 

 

   𝑌 = 𝐴 . 𝐵 + 𝐴 . 𝐶 + 𝐵 + 𝐵. 𝐶         Equation (5) 

 
 

Factor B from the first, third and the fourth terms, we 

get  

 

𝑌 = 𝐵 𝐴 + 1 + 𝐶   +  𝐴  . 𝐶           Equation (6) 

 

Since 1 + 𝐶  + 𝐴 = 1                            Equation (7) 
 

In Boolean algebra, 1 plus any other quantity will 

yield to 1 always.    
 

Then, after substitution of formula 7 in 6, the resulted 

formula is: 
 

𝑌 = 𝐵 + 𝐴 . 𝐶                                  Equation (8) 
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Equation 8 is the simplified and reduced formula for 

the proposed digital circuit shown in Fig. 3 utilizing 

Boolean algebra reduction procedures and techniques, 

it is remarkably compact and practically easier to be 

implemented. Fig 4 is the simplified digital circuit 

represented by Equation 8. 

C.  Reduced Circuit and Truth Table 

The equivalent circuit diagram of the reduced formula 

of Fig.3 is shown in Fig.4. 

 

 

Fig.4 Digital circuit After Simplification 

 

As shown in Fig.4, the circuit has been simplified and 

the circuit size was reduced for better digital function 

but both circuits should satisfy the same relationship 
between input and output except that Fig.4 is reduced 

size of Fig.3. Table.2 is the truth table of the 

Equivalent Reduced Digital Circuit of Fig.4, as 
represented by Equation 8. 

 

Table.2 Truth Table of Equation 8 
 

input output 

A B C 𝒀 = 𝑩 + 𝑨 .𝑪  

0 0 0 1 

0 0 1 0 

0 1 0 1 

0 1 1 1 

1 0 0 0 

1 0 1 0 

1 1 0 1 

1 1 1 1 

 

D. Binary Decision Tree and Reduction steps 

Diagram shown in Fig.5 is the BDT as derived from 
the truth table shown in Table .2 

 

 

 
 

Fig. 5. Ordered Binary Decision Tree of table 2 

 

 
Fig 6 represents the procedure of reducing and 

eliminating redundancy existed in the branches of 

BDD diagram shown in fig 5. 
Diagram shown in Fig.7-a and Fig.7-b signify 

necessary steps toward reduction of the tree by 

reducing and elimination any redundancy and 

similarity branches of the tree. Where Fig.8 is the 
final reduced diagram BDD, where the root is A and 

the leaves are 0 and 1 
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Fig. 6 Elimination and reduction rules 

 

 

 
 

Fig.7-a Reducing and Elimination Redundancy 
 

 

 

Fig.7-b Reducing and Elimination Redundancy 
 

 

 

Fig.8 Final reduced diagram BDD 

 

 

 

V. SECOND CASE STUDY  

The digital circuit shown in Fig.9 is a second 

digital circuit example which composed of 3 NOT 

gates, one OR gates with three inputs and one OR 
gate with two inputs and two AND gates . 

 

 
Fig.9 Digital Circuit before Simplification 

 

The simplification steps of this case study are shown 
in equation 9 to equation 13. 

 

𝑇1 = 𝐵.  𝐶 + 𝐶 + 𝐴          Equation 9 

 

Since 𝐶 + 𝐶 = 1, (using Equ.6 of Table.1), then   
 

𝑇1 = 𝐵 1 + 𝐴                   Equation 10 
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Since 1 + 𝐴 = 1 using Equ 2 of Table.1), therefore  
 

𝑇1 = 𝐵                                  Equation 11 

  

𝑇2  = 𝐴  .𝐶                              Equation 12 

 
Then the overall result is   

 

Y = T1 + T 2 = B +𝐴  .𝐶            Equation 13 

 

The output simplified Boolean formula for the Circuit 

shown in Fig.9 is the same as the simplified Boolean 
formula of circuit shown in Fig. 3, this means that 

might be there are many circuits that could lead to the 

same Boolean formula. 

VI. CONCLUSION  

 

Manipulation of binary decision Diagram and its 

connection to Boolean algebra and digital circuit has 
been presented and discussed with two case studies, 

where simplification of digital circuit and drawing its 

equivalent Binary decision tree was accomplished 

with the assistance of the reduced digital circuit truth 
table. Reduction and elimination process of 

redundancy in the BDD tree was performed for 

Ordered Binary decision Diagram. 
In Digital circuits, simplifications procedure using 

Boolean formulas could help reduce large circuits 

with big number of gates to small digital circuit with 
limited number of gates, BDD is another alternative 

way of reducing diagram that lead to smaller one 

which represented by Boolean Functions. As seen 

equation 8 and equation 13 looks like the same, this 
means that digital circuit of case study I and digital 

circuit of case study II yield to the same digital 

Boolean function but with different digital circuit 
combinations, both circuits could lead to the same 

BDD diagram. 

 In practical point of view, Boolean function 
should be established first which could lead toward 

BDD construction. 
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